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Abstract

We investigate vapor–liquid equilibria (VLE) for polymer/solvent systems using the same model binary parameters obtained from liquid–

liquid equilibria (LLE) calculations. For the systems affected by free-volume differences between molecules, the VLE calculation results are

corrected by Elbro et al.’s conceptual expression. In addition, we present the semi-quantitative description of contribution to VLE by oriented

interaction. Our proposed model is directly applicable to VLE of binary polymer solution systems for various temperature ranges as well as

for LLE calculations. q 2002 Published by Elsevier Science Ltd.
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1. Introduction

Phase behavior of polymer solutions play major roles in

polymer processing and applications, since many polymers

are produced in solution. Therefore, the final polymer

product contains some residual solvents. The physical

properties of polymers are affected by the amount and

type of solvent. A technical problem is to remove the

residual solvents. The removal of solvents is particularly

important for polymeric materials used in the food and

pharmaceutical industry.

In the description of the phase equilibria for polymer

solutions, the Flory–Huggins lattice theory [1–5] devel-

oped in the early 1940s has been used extensively. Much

work has been reported both for vapor–liquid equilibria

(VLE) and liquid–liquid equilibria (LLE) of polymer

solution systems though not typically in the same publi-

cations. We cannot give a complete review here, but outline

the particularly relevant literature in this area. Freed and co-

workers [6–13] developed a lattice field theory (or lattice

cluster theory) for polymer/solvent systems to pursue a

formal ‘exact’ solution to the lattice model using advanced

statistical–mechanical methods. To consider the oriented

interactions, Hu et al. [14,15] proposed double-lattice model

based on Freed’s lattice field theory and assumed that the

secondary lattice is independent of the primary lattice. They

considered the secondary lattice as a perturbation term

about the primary lattice. To account for compressibility

and density changes upon isothermal mixing, Sanchez and

Lacombe [16] and Kleintjens and Koningsveld [17,18]

derived different forms of a lattice-fluid model based on

Flory–Huggins lattice theory. Sanchez and Balazs [19] used

a lattice-fluid equation of state to include specific inter-

actions such as hydrogen bonding. In their model, a

quantitative description of the spinodal phase diagram, as

well as a semi-quantitative description of the composition

and temperature dependence of the x interaction parameter,

is possible. A modified lattice-fluid model by Panayiotou

and Sanchez [20,21] is based on the original random-mixing

Flory–Huggins theory to account for strong interactions

between polymer and solvent. Qian et al. [22] described

upper and lower critical solution temperatures (UCST and

LCST) with the LCST lying above the UCST, closed loop,

and hourglass shapes using a generalized Flory–Huggins

theory with the temperature and concentration dependence

of x for polymer solutions and alloys.

Those works mentioned earlier had focused on describ-

ing LLE of polymer containing systems. There is also

extensive literature on VLE though these studies generally

do not simultaneously consider LLE or compare the theories

for the two simulation classes. Simplifying Qian’s model,
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Bae et al. [23] reported an extended Flory–Huggins

equation to represent VLE and LLE for phase behaviors

of binary polymer solutions. However, this model is a semi-

empirical model.

In this study, we propose a new Helmholtz energy of

mixing expression, which is extended to predict solvent

activities using the same adjustable binary parameters

obtained from LLE calculations for various binary polymer

solution systems showing partially miscible phase behavior.

2. Model development

In this section, we derive the Helmholtz energy of mixing

to describe the phase behaviors of ordinary polymer

solutions. To take the oriented interaction into account,

the secondary lattice concept [14,15], which is a pertur-

bation to a fixed reference system (i.e. the Helmholtz energy

of mixing for the ordinary polymer solutions), is introduced.

Finally, solvent activity equation for VLE description is

derived from the Helmholtz energy of mixing.

2.1. Internal and Helmholtz energies of mixing

The energy of mixing related to the number of nearest-

neighbor pairs is given by

DmixU

Nr1
¼ 1

2

N12

Nr

ð1Þ

where N12 and Nr are the total number of 1–2 pair contacts

and total lattice sites, respectively, and 1 is the interchange

energy defined by Eq. (2)

1 ¼ 111 þ 122 2 2112 ð2Þ

where 1ij is the i– j nearest-neighbor interaction energy. The

Helmholtz energy of mixing ðDmixAÞ is obtained by

integrating the Gibbs– Helmholtz equation using the

Guggenheim’s athermal entropy of mixing [24] as a

boundary condition:
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A dimensionless temperature is defined by ~T ¼ kT =1ð ~121Þ;

where T is an absolute temperature and k is a Boltzmann’s

constant. ri; fi and ui are the relative molar volume, volume

fraction and surface fraction of component i, respectively.

fi and ui are defined by Eqs. (5) and (6), respectively

fi ¼
Niri

N1r1 þ N2r2

ð5Þ

ui ¼
Niqi

N1q1 þ N2q2

ð6Þ

where qi is the surface area parameter as defined by

zqi ¼ riðz 2 2Þ þ 2 ð7Þ

where z is the lattice coordination number. A simple cubic

lattice is used in this study ðz ¼ 6Þ:

The mathematical form to correlate energy of mixing

with Monte-Carlo simulation data [24], which give the

values of N12 taking nonrandom mixing into account, is

given by

2DmixU

Nr1
¼ f1f2

B0

1 2 A0ðf2 2 f1Þ

� �
ð8Þ

where

A0 ¼ a0 þ a1½expð ~1Þ2 1� ð9Þ

B0 ¼ b0 þ b1½expð ~1Þ2 1� ð10Þ

Parameters, a0, a1, b0 and b1 depend on the polymer chain

lengths. The following equations are obtained from Monte-

Carlo simulations

a0 ¼ 0:00012 þ
0:22999ðr2 2 1Þ

1 þ 1:37129ðr2 2 1Þ
ð11Þ

a1 ¼ 20:01717 þ
0:02160ðr2 2 1Þ

1 þ 0:09642ðr2 2 1Þ
ð12Þ

b0 ¼ 5:79880 2
1:45604ðr2 2 1Þ

1 þ 1:83417ðr2 2 1Þ
ð13Þ

b1 ¼ 21:42112 2
0:16059ðr2 2 1Þ

1 2 1:34296ðr2 2 1Þ
ð14Þ

The determining procedures for Eqs. (11) – (14) are

described elsewhere [25].

A simple lattice model expression for DmixA is given by

Eq. (15) from Eqs. (3) and (8).
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where

B ¼
ða1b0 2 a0b1Þð2f2 2 1Þ þ b1

1 þ ða1 2 a0Þð2f2 2 1Þ
;

C ¼
b0 2 b1

1 þ ða1 2 a0Þð2f2 2 1Þ

ð16Þ

2.2. Oriented interaction term

In Freed’s theory [6–13], DmixA of two monomers is
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given by

DAmix=NrkT ¼ x1 ln x1 þ x2 ln x2 þ z ~1x1x2=2

2 z ~12x2
1x2

2=4 þ · · · ð17Þ

where z is the coordination number and xi is the mole

fraction of the component i. To obtain an analytical

expression of the secondary lattice, Oh and Bae [26] defined

a new expression for DmixA; replacing x by h and ~1 by d ~1 in

Eq. (17). Their expression is given by

DAsec;ij

NijkT

¼
2

z

"
h ln hþ ð1 2 hÞ lnð1 2 hÞ þ

zCad ~1ijð1 2 hÞh

1 þ Cad ~1ijð1 2 hÞh

#

ð18Þ

where DAsec;ij is the Helmholtz energy of mixing for the

secondary lattice for an i– j segment–segment pair and

Nij is the number of i– j pairs. h is the surface fraction

permitting oriented interactions. In general, h is

different for different components. The calculation

results are not sensitive to h. For simplicity, we

arbitrarily set h to 0.3 following Hu et al. [14,15]

within a reasonable range from 0.3 to 0.5. Ca is a

universal constant equal to 0.4881. d ~1ijðd1ij=kTÞ is the

reduced energy parameter contributed by the oriented

interactions of i– j pairs such as hydrogen bonding,

donor – acceptor electron transfer or dipole – dipole

interaction except London dispersion force. If the

secondary lattice is regarded as an independent one,

d1ij is separated into two parts [2] for the system with

Fig. 1. The coexistence curve for the polymer solution systems given in Table 1.
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strongly oriented interactions between two components

d1ij ¼ d1H
ij 2 d1S

ijT ð19Þ

where d1H
ij and d1S

ij are enthalpic and entropic energy

contributions for the oriented interactions, respectively.

Two parameters represent the enthalpic disadvantage, d1H
ij ;

and the entropic advantage, d1S
ij; for d1ij when system

temperature increases. To incorporate a secondary lattice

with DmixA in Eq. (15), 1ij is replaced by 1ij 2 DAsec;ij=Nij:

Following the definition of ~1 in Eqs. (2) and (3), if an

oriented interaction occurs in an i– j segment–segment pair,

we replace ~1 in Eq. (15) by 1=kT þ 2DAsec;ij=NijkT : If

oriented interaction occurs in an i– i segment–segment pair,

~1 is replaced by 1=kT 2 DAsec;ii=NiikT :

2.3. Solvent activity

If the solvent of a binary polymer solution is designated

as component 1, the solvent activity can be derived from

Eq. (15):
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In our proposed model, we assumed that the volume change

upon mixing and free-volume change are both negligible.

However, for some polymer solution systems, the entropy of

mixing is significantly affected by the free-volume change.

To take the effect of free-volume change into account for

these systems, the first term of Eq. (20) is replaced by Elbro

et al.’s conceptual expression [27], which was derived from

a van der Waals free-volume type of expression [28]. We

rewrite Eq. (20) as follows

ln aFV
1 ¼

Dmixm

NrkT

� �

¼ ln fFV
1 þ 1 2
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 !
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2 þ
z

2
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2
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2
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where fFV
i is the free-volume fraction of component i,

which is defined by

fFV
i ¼

NiV
FV
miX

i

NiV
FV
mi

ð22Þ

VFV
mi ¼ Vmi 2 VmiðvdWÞ ð23Þ

where Vmi and VmiðvdWÞ are the molar volume and the van

der Waals volume of component i, respectively. Vmi is a

function of temperature; however, VmiðvdWÞ is a constant. Vmi

and VmiðvdWÞ are estimated by the Van Krevelen group

contribution method [29]. The molar volume of solvents is

estimated by the modified Racett equation [30] for accuracy.

3. Results and discussion

In LLE calculations, it is necessary to use experimental

data to obtain the energy parameters, 1=k; d1H
ij =k; d1

S
ij=k and

the size parameter, r2 with r1 ¼ 1: For systems showing an

ordinary UCST phase behavior, 1=k and r2 are adjusted. For

systems showing a UCST phase behavior with the weakly

oriented interaction, 1=k; d1H
ij =k and r2 are needed. For a

miscibility loop due to the strongly oriented interaction, 1=k;

d1H
ij =k; d1

S
ij=k and r2 are needed.

We chose polystyrene (PS, Mw ¼ 100 000)/cyclohexane,

PS ðMw ¼ 10 300Þ/acetone and poly(ethylene glycol) (PEG,

Mw ¼ 8000)/water for our model systems.

Fig. 1 shows phase diagrams of the aforementioned

systems. The calculated curve agrees very well with

experimental data; however, the PS/cyclohexane system

shows fairly large deviations. It is likely that PS has bulky

functional groups and cyclohexane is a bulky solvent, while

we assume that polymer chain is freely flexible independent

Fig. 2. The free-volume difference (D FV) for the polymer solution systems

given in Table 1. The three lines are calculated by Eq. (24).
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of solvent structure. That is, the structural hindrance

between polymer chains and solvent molecules is neglected

and the entropic contribution is overestimated. The model

adjustable parameter values are given in Table 1.

In VLE calculations, no additional parameters are

needed. The same adjustable parameters obtained from an

LLE calculation can be used. The free-volume effects are

estimated hypothetically by

DFV ¼
VFV

m1

Vm1ðvdWÞ

2
VFV

m2

Vm2ðvdWÞ












 ð24Þ

Calculation results are shown in Fig. 2. The free-volume

effect plays a considerable role in PS/cyclohexane and PS/

acetone systems on the VLE measurement temperature

range (300–350 K). Aqueous polymer solutions such as

PEG/water systems have comparatively similar free-volume

differences, and consequently free-volume corrections are

not necessary for these systems [31].

Fig. 3 shows measured and predicted solvent activities of

the PS ðMw ¼ 100 000Þ/cyclohexane system. Results using

Eqs. (20) and (21) are both shown at two different

temperatures. The same adjustable model parameters given

in Table 1 are used. For these systems, the results calculated

by Eq. (20) tend to underestimate the activity across the

whole concentration region due to the underestimated

energy of the LLE calculation. However, using Eq. (21)

tends to overestimate in the higher solvent concentration

region. Overestimating the free-volume difference between

polymer and solvent (Eqs. (22) and (23)) causes an

underestimation of the calculated entropy (Eq. (21)).

Fig. 4 shows results for the PS ðMw ¼ 5700Þ/acetone

Fig. 3. Solvent activities for PS ðMw ¼ 100 000Þ/cyclohexane at (a) 303.15

and (b) 313.15 K.

Fig. 4. Solvent activities for PS ðMw ¼ 15 700Þ/acetone at (a) 298.15 and

(b) 323.15 K.
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system. For this system, we assume that the energy

parameter, 1=k; is independent of the polymer molecular

weights. The same adjustable parameters, 1=k and d1H
ij =k;

given in Table 1 are used and r2 is calculated by

r2 ¼
v2Mw2

v1Mw1

ð25Þ

where v1, v2, Mw1 and Mw2 are the specific volumes of

solvent and polymer and the molecular weight of solvent

and polymer, respectively. In this case the dominant

contribution of the energy change dependence upon

temperature is 1=k: Therefore, the total energy diminishes

with VLE measurement temperature. The results calculated

by Eq. (20), without the oriented interaction correction

Fig. 5. Solvent activities for PEG ðMw ¼ 8000Þ/water at (a) 323.15, (b) 333.15, and (c) 343.15 K.

Table 1

The values of the adjustable model parameters

System Mw of polymer Ref. Parameter

1=k (K) d1H
ij =k (K) d1S

ij=k (K) r2

PS/cyclohexane 100 000 30 76.702 – – 619.13

PS/acetone 10 300 31 512.308 –609.24 – 94.661

PEG/water 8000 30 1291.861 21346.269 0.956 308.38
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(d1H
ij =k ¼ 0; dashed line), exhibit phase instability. The

results calculated by Eq. (21) agree remarkably well with

experimental data.

Fig. 5 shows the experimented and predicted solvent

activities of the PEG (Mw ¼ 8000)/water system. In this

system, the free-volume effect is neglected. The same

adjustable parameters given in Table 1 are used. The

results setting d1S
ij=k ¼ 0 (dashed lines) also show the

phase instability. Calculated values agree fairly well

with experimental data. In the lower concentration

region, there are some deviations. In this case, 2

DAsec;ij=NijkT dominates the energy change with tem-

perature; therefore, the total energy increases with

temperature.

Fig. 6 shows activities of the PEG/water system at

various molecular weight of PEG. The same adjustable

parameters, 1=k; d1H
ij =k and d1S

ij=k given in Table 1 are used

and r2s are calculated. Analogous results are shown to those

in Fig. 3.

4. Conclusion

We propose a new Helmholtz energy of mixing equation

to describe both LLE and VLE using the same model

adjustable binary parameters. For simplicity, we introduce

several assumptions. In our model, the relative flexibility of

the polymer chains is not considered. Polymers and solvent

molecules are considered to be monomers where the

concept of flexibility does not apply. We also assume that

the parameters, 1=k; d1H
ij =k; d1

S
ij=k and r2 are independent of

the free-volume difference. It is likely that these assump-

tions are basically responsible for the discrepancy between

the proposed model and experimental results. Nevertheless,

Fig. 6. Solvent activities for PEG/water at various Mw of PEG and temperatures.
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our model describes remarkably well the phase equilibria of

various polymer solutions over the entire concentration and

for various temperatures.
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